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Abstract
Let D be a domain with quotient eld K . We investigate conditions under which the ring
Int(D) = ff2K[X ] jf(D)Dg of integer-valued polynomials over D is a Mori domain. In
particular, we show that if D is a pseudo-valuation domain with nite residue eld such that the
associated valuation overring is rank one discrete and has innite residue eld, then Int(D) is a
Mori domain with Int(D) 6= D[X ]. Finally, we investigate the class group of a Mori domain of
integer-valued polynomials, showing, in the case just mentioned, that Cl(Int(D)) is generated by
the classes of the t-maximal uppers to zero. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 13G05; 13C20; 13F20
1. Introduction
Let D be a domain with quotient eld K . We denote by Int(D) the ring of integer-
valued polynomials on D: Int(D) = ff 2 K[X ] jf(D)Dg. Rings of this type have
received a great deal of attention in recent years, in part because they often provide
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interesting examples in various classical settings. For instance, if V is a complete rank
one discrete valuation domain with nite residue eld, then Int(V ) is a completely
integrally closed two-dimensional Prufer domain which is not the intersection of rank
one valuation domains and which has localizations which are not completely integrally
closed (see [11, pp. 130{131]).
In this paper we study the Mori property in Int(D). Recall that D is a Mori domain
if it satises the ascending chain condition on divisorial ideals. The class of Mori
domains includes Noetherian domains and Krull domains, and considerable research
has been devoted to trying to prove that various properties held by Noetherian and=or
Krull domains are also held by Mori domains.
We begin by showing that, if D is a Mori domain and S is a multiplicative subset
of D, then (Int(D))S = Int(DS) (generalizing the result already known for Noetherian
D). We also show that in order that Int(D) be a Mori domain dierent from D[X ], it
is necessary that D be a Mori domain with D=Q innite for each v-invertible maximal
divisorial ideal Q of D and that D=P be nite for some (non-v-invertible) maximal
divisorial ideal P of D.
In Section 2, we construct examples of the type just mentioned, that is, domains D
such that Int(D) is a Mori domain with Int(D) 6= D[X ]. Indeed, we show that D
can be taken to be a local domain with maximal ideal I such that D=I is nite and
such that I is also a nonzero proper principal ideal of a local Noetherian overring
B having innite residue eld. (For example, let k be a nite eld, and let L be an
innite eld containing k; then set B = L[[t]], I = aB; where a is a nonzero nonunit
of B, and D = k + I .) The existence of these examples for one-dimensional D is
especially interesting in light of a result of Gilmer et al. In [16] they show that if
D is a one-dimensional Noetherian domain with Int(D) 6= D[X ], then Int(D) can-
not be Noetherian. We generalize their result by showing that Int(D) cannot even
be Mori.
In Section 3, we study class groups. Recall that the (t)-class group of a domain D
is dened by Cl(D)=T(D)=P(D), where T(D) is the group of t-invertible t-ideals of
D, and P(D) is the subgroup of principal ideals. We show that the extension D Int(D)
is compatible for the t-operation, that is, that Jt (J Int(D))t for each nonzero ideal J
of D. It follows that the map Cl(D)! Cl(Int(D)), given by [J ] 7! [(J Int(D))t], is a
homomorphism. In fact, we show that the following sequence is exact:
0 −! Cl(D) i−!Cl(Int(D)) p−!
Y
M2t-max(D)
Cl(Int(DM )):
(Here, t-max(D) denotes the set of maximal t-ideals of D.) We then show that, in the
case where D is a Mori domain in which every maximal t-ideal has height one, the
following sequence is exact:
0 −! Cl(D) i−!Cl(Int(D)) p−!
M
M2t-max(D)
Cl(Int(DM )) −! 0:
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Finally, we observe that, in the construction of Section 2, we have that the class
group of Int (D) is generated by the classes of the uppers to zero which are maximal
t-ideals.
2. When is Int(D) Mori?
In this section, we generalize to Mori domains some results on integer-valued poly-
nomials which are known for Noetherian and=or Krull domains. We begin by re-
viewing some relevant denitions. First, recall that D denotes a domain with quotient
eld K . For a fractional ideal I of D, we denote by I−1 the set fx 2 K j xI Dg.
The v-closure Iv of I is then given by Iv = (I−1)−1 (which is equal to the intersec-
tion of the principal fractional ideals which contain I), and the t-closure is given by
It =[fJv j J is a nitely generated ideal of D with J  Ig. An ideal I is divisorial (re-
spectively, a t-ideal) if I = Iv (respectively, I = It). The domain D is a Mori domain if
it satises the ascending chain condition on divisorial ideals, equivalently, if for each
ideal I of D there is a nitely generated ideal J of D with J  I and Jv = Iv [21,
Theoreme 1].
Proposition 2.1 (cf. [11, Proposition I.2.3]). If D is a Mori domain and S is a mul-
tiplicative subset of D; then (Int(D))S = Int(DS).
Proof. We have (Int(D))S  Int(DS) (for an arbitrary domain D) by [11,
Proposition I.2.2]. Let f 2 Int(DS), and consider the D-submodule I of K gener-
ated by f(D). We have I DS \ c(f), where c(f) is the content of f, that is,
the fractional D-ideal generated by the coecients of f. Thus I is a fractional
ideal of D which is contained in DS . Since D is a Mori domain, there is a nitely
generated ideal J  I with Iv = Jv, and since I DS , there is an element
s 2 S with sJ D. It follows that sf(D) sJvD. Therefore, f2 (Int(D))S , as
desired.
The proof of Proposition 2.1 just required a standard \Mori variation" of the proof
given in the Noetherian case in [11, Theorem I.2.3]. In a similar way, we can obtain
an analogue of Cahen and Chabert [11, Proposition I.2.7]. Recall that a subset E of
K is called a fractional subset of D if dED for some nonzero element d 2 D.
We then denote by Int(E;D) the ring of integer-valued polynomials on E, that is,
Int(E;D) = ff 2 K[X ] jf(E)Dg.
Proposition 2.2. (1) Let D be a Mori domain; E a fractional subset of D; and S a
multiplicative subset of D. Then (Int(E;D))S = Int(E;DS).
(2) Let R be a Mori subring of a domain D and S a multiplicative subset of R.
Then (Int(R;D))S = Int(R;DS) = Int(RS; DS).
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In particular, as an immediate corollary, we obtain the following generalization of
Cahen and Chabert [11, Proposition I.2.8].
Corollary 2.3. If D is a Krull domain; S is a multiplicative subset of D; and E is a
fractional subset of D; then (Int(E;D))S = Int(E;DS).
Our next result characterizes when the ring of integer-valued polynomials over a
Mori domain is trivial (that is, is equal to the polynomial ring over the domain).
Proposition 2.4. Let D be a Mori domain. Then Int(D) = D[X ] if and only if each
maximal divisorial ideal of D has innite residue eld.
Proof. First, suppose that each maximal divisorial ideal D has innite residue eld.
Then, since D = \fDP jP is a maximal divisorial ideal of Dg [6, Proposition 2.2], we
have that Int(D) = D[X ] by [11, Corollary I.3.6]. Conversely, suppose that Int(D) =
D[X ], and let P be a maximal divisorial ideal of D. Then by [17, Propo-
sition 2.3], P is a conductor ideal, and [11, Proposition I.3.10] then implies that D=P
is innite.
In Krull domains and one-dimensional Mori domains, the maximal divisorial ideals
are the height one primes. Hence we have the following generalization of Cahen and
Chabert [11, Corollary I.3.15].
Corollary 2.5. Let D be a Krull domain or a one-dimensional Mori domain. Then
Int(D) =D[X ] if and only if the residue eld of each height-one prime ideal of D is
innite.
We now give two necessary conditions for Int(D) to be Mori.
Proposition 2.6. If Int(D) is Mori; then
(1) D is Mori; and
(2) each v-invertible maximal divisorial ideal of D has innite residue eld.
Proof. Assume that D is a domain such that Int(D) is Mori. That D is Mori then
follows from the fact that D=Int(D)\K and [23, I, Theoreme 2]. To prove (2), suppose
by way of contradiction that P is a v-invertible maximal divisorial ideal of D with
nite residue eld. Then DP is a rank one discrete valuation domain [6, Theorem 2.5]
with nite residue eld. It follows that Int(DP) is two-dimensional [11, Proposition
V.1.8] and Prufer [11, Lemma VI.1.4]. However, by Lemma 2.1, Int(DP) is a ring of
fractions of Int(D) and is therefore a Mori domain. This is impossible, since a Mori
Prufer domain is known to be a Dedekind domain. (To verify this, let I be an ideal
of a Mori Prufer domain R. Then, since R is Mori there is a nitely generated ideal
J  I with Iv= Jv. Since R is Prufer, J is invertible, hence divisorial, and we have that
I = J is invertible.)
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For a Mori domain D, denote by I the set of v-invertible maximal divisorial ideals
of D and by S the set of non-v-invertible maximal divisorial ideals of D. Recall
from Barucci and Crabelli [6] that a Mori domain D has a canonical decomposition
D = D1 \ D2, where D1 =
T
P2I DP is a Krull domain (the \Krull part" of D) and
D2=
T
Q2S DQ is a strongly Mori domain (the \strongly Mori" part of D). (A strongly
Mori domain is one in which each maximal divisorial ideal fails to be v-invertible.)
Propositions 2.4 and 2.6 together imply that if we wish Int(D) to be Mori and nontrivial
(Int(D) 6= D[X ]), then every v-invertible maximal divisorial ideal, that is, every ideal
in I, must have innite residue eld, while some maximal divisorial ideal of D,
necessarily in S, must have nite residue eld. This is impossible if D is a Krull
domain, since in that case S is empty (and D reduces to its Krull part). Moreover,
if D is a Krull domain, then so is D[X ]. In view of Corollary 2.5, we then have the
following result.
Corollary 2.7. The following statements are equivalent for a Krull domain D:
(1) Int(D) is Mori.
(2) Int(D) is Krull.
(3) Int(D) = D[X ].
(4) Each height-one prime ideal of D has innite residue eld.
We end this section with some comments which (partially) motivate the construction
in Section 2 below. We consider the decomposition=D=D1\D2, where D1=
T
P2I DP
is the Krull part of D and D2=
T
Q2S DQ is the strongly Mori part of D. Now for each
P 2 I, Int(D1)(Int(D1))P=Int(DP), the equality following from Proposition 2.1 and
the fact that (D1)P=DP . On the other hand, we have
T
P2I Int(DP)
T
P2I Int(D1; DP)=
Int(D1;
T
P2I(DP))=Int(D1). It follows that Int(D1)=
T
P2I Int(DP)=
T
P2I(Int(D))P
by Proposition 2.1. Thus Int(D1) is a generalized ring of fractions of Int(D). Similarly,
Int(D2) =
T
Q2S(Int(D))Q is a generalized ring of fractions of Int(D). In particular,
since generalized rings of fractions of Mori domains are Mori [22], and since locally
nite intersections of Mori domains are Mori [23, I, Theoreme 2], we have that Int(D)
is Mori if and only if both Int(D1) and Int(D2) are Mori. Thus if Int(D) is Mori, then
by Corollary 2.7, its Krull part Int(D1) is just the polynomial ring D1[X ], and the study
of its strongly Mori part Int(D2) would be greatly simplied by an understanding of
the rings Int(DQ), where Q is a non-v-invertible maximal divisorial ideal of D. Thus
we are particularly interested in the situation where D is a local Mori domain whose
maximal ideal is strongly divisorial (non-v-invertible).
3. A Mori domain of integer-valued polynomials
In [16] Gilmer et al. give an example of a domain D such that Int(D) is Noetherian
and Int(D) 6= D[X ], but they show that this cannot happen if D is one dimensional.
Our rst result of this section is to show that, in fact, if D is a one-dimensional
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Noetherian domain such that Int(D) 6= D[X ], then Int(D) cannot even be Mori. Our
work in the remainder of the section shows that it is nevertheless possible to have D
one-dimensional Mori with Int(D) 6= D[X ] and Int(D) Mori. This part of our work
may be viewed as a generalization of the study of integer-valued polynomial rings over
pseudo-valuation domains given by Cahen and Haouat [12].
Theorem 3.1. If D is a one-dimensional Noetherian domain such that Int(D) is a
Mori domain; then Int(D) = D[X ].
Proof. Assume, by way of contradiction, that Int(D) 6= D[X ], and let P be the upper
to zero
P = ff 2 Int(D) jf(0) = 0g= XK[X ] \ Int(D):
The rst step is to show that P−1K[X ]. As Int(D) is not trivial, there is a maximal
ideal M of D such that D=M is nite. Then, since P−1(P Int(DM ))−1; we may
assume that (D;M) is a local one-dimensional Noetherian domain with nite residue
eld. There is an overring R of D such that R is nitely generated as a D-module and
such that R is locally unibranched. In particular, there is a nonzero element d 2 D
such that dRD. Let Q = XK[X ] \ Int(R); then Q is an upper to zero in Int(R);
and dQP. Let ’ 2 P−1. Since X 2 P, we have ’ = f=X with f 2 K[X ]. We
must show that, in fact, X divides f in K[X ]; or, equivalently, that f(0) = 0. This
just requires a modication of the proof of Cahen and Chabert [11, VIII.5.14]: Let
fang be a sequence of nonzero elements of D such that an 2 Mn; and let M 0 be a
maximal ideal of R above M . Since R is locally unibranched, the integral closure of
the localization RM 0 is the ring of a discrete rank-one valuation v. We clearly have
v(an)  n. Since an is not a root of X; and since R is locally unibranched, the upper
to zero Q is not contained in the maximal ideal MM 0 ;an = fg 2 Int(R) j v(an)> 0g [11,
Proposition V.3.3]. Consequently, there is a sequence fhng of polynomials in K[X ] such
that Xhn 2 Q and v(anhn(an)) = 0. We then have dXhn 2 P; so that ’dXhn = dfhn 2
Int(D). It follows that v(df(an)hn(an))  0, and hence v(df(an))  v(an)  n for each
n. Thus v(f(an)) tends to innity, and we have f(0) = 0. Therefore, P−1K[X ], as
claimed.
Now, since Int(D) is a Mori domain and P has height one, P must be divisorial.
Furthermore, we may write P−1 = (’1; : : : ; ’n)v, where ’i 2 P−1 for i=1; : : : ; n. Since
each ’i 2 K[X ], there is an element c 2 D with c’i 2 Int(D) for each i. Hence
cP−1 = c(’1; : : : ; ’n)v Int(D), and we have c 2 Pv = P, which contradicts the fact
that P \ D = (0).
Throughout the rest of this section, we use the following notation. Let (B;M) be
a (not necessarily Noetherian) local domain with quotient eld K and with innite
residue eld, let I = aB be a proper nonzero principal ideal of B, let  : B! B=I the
canonical map, and assume that B=I contains a nite eld k. Then let D = −1(k);
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that is, let D be dened by the following pullback diagram:
D −! k??y
??y
B
−! B=I:
We denote by d0 = 0; d1; : : : ; dq−1 a complete set of coset representatives of D
modulo I , and set
’=
Qq−1
i=0 (X − di)
a
:
Lemma 3.2. With the notation above; Int(D; B) = B[X ][’].
Proof. It is clear that ’2 Int(D; B). Conversely, if f2 Int(D; B), we shall prove that
f2B[X ][’] by induction on degf. If degf<q, then, since f(di) 2 B for i=0; : : : ; q−
1, the usual Vandermonde determinant argument [11, Proposition I.3.1] shows that
f 2 B[X ]. Otherwise, write f = ’g + h with g; h 2 K[X ] and deg h<q or h = 0.
Note that h(di) = f(di) for each i and hence (as above) h 2 B[X ]. Now let v be
a unit of B. Then for each i, f(di + av) = ’(di + av)g(di + av) + h(di + av), and
’(di + av) = v
Q
j 6=i(di − dj + av) is a unit of B. It follows that g(di + av) 2 B. The
polynomial gi(X ) = g(di + aX ) is then such that gi(B)B (where B is the set of
units of B), and therefore, since B=M is innite, [11, Proposition IV.1.20] implies that
gi 2 B[X ] . It follows that g 2 Int(D; B); and we can conclude by induction since
deg g< degf.
We next wish to study the prime ideals of Int(D; B) above M and the prime ideals
of Int(D) above I . Observe that the ideal Int(D; I) is shared by these two rings and
that Int(D; I) is principal in Int(D; B) (generated by a). For each x 2 D, let Mx =
ff2 Int(D; B)j = f(x) 2 Mg. It is known that Mx is a maximal ideal of Int(D; B)
above M [11, Lemma V.1.3]. However, there are also some primes above M which
are not maximal:
Lemma 3.3. For each i= 0; : : : ; q− 1; let Pi = ff2 Int(D; B) jf(di + I)M)g. Then
(1) Pi is a prime ideal of Int(D; B) above M which is not maximal;
(2) Int(D;M) =
Tq−1
i=0 Pi;
(3) fPigq−1i=0 is precisely the set of primes of Int(D; B) which are minimal over
Int(D;M);
(4) Pi = (M;X − di)Int(D; B);
Proof. Let i : K[X ] 7! K[X ] be the morphism dened by i(f) = f(di + aX ).
Note that i(’) 2 B[X ] and that i(B[X ])B[X ]. Hence by Lemma 3.2, i induces
a morphism from Int(D; B) to B[X ]. Now consider f2 Int(D; B). Reducing each co-
ecient modulo M produces a polynomial i(f) in (B=M)[X ]. Since B=M is innite,
this polynomial vanishes for all x 2 B=M if and only if it is the zero polynomial; that
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is, f(di + aX ) 2 M [X ] if and only if f(di + I)M . Therefore, Pi = −1i (M [X ]).
This proves that Pi is prime. Note that for each x 2 di + I; we have PiMx. On the
other hand, ’ 2 Mdi (since ’(di)= 0), but ’ 62 Pi (since ’(di + av) is a unit of B for
each unit v of B). Hence Pi is not maximal. This proves (1). Statement (2) is clear,
and (3) follows immediately from (2). To prove (4), let g 2 Pi, and use Lemma 3.2
to write g = g0 + g1’ +    + gr’r , with gj 2 B[X ] for j = 0; : : : ; r. By assumption,
g(di) 2 M . Since ’(di) = 0, this implies that g0(di) 2 M , from which it follows that
g0 2 (M;X − di)B[X ]. We also have g1’+   + gr’r = g− g0 2 Pi. Since ’ 62 Pi, we
have g1 +    + gr’r−1 2 Pi. Continuing to argue in this manner, we can show that
gj 2 (M;X − di) for each j, as desired.
We can now describe the primes of Int(D) above I :
Proposition 3.4. For each i = 0; : : : ; q − 1; let Mi = ff2 Int(D) jf(di)2 I)g.
Then
(1) Mi is a maximal ideal of Int(D) above I having residue eld k;
(2) Pi \ Int(D) =Mi (where Pi is as dened in Lemma 3:3);
(3) Int(D; I) =
Tq−1
i=0 Mi ; and
(4) fMigq−1i=0 is precisely the set of prime ideals of Int(D) above I.
Proof. Statement (1) is immediate (as noted in [11, Lemma V.1.3]). For (2), it is clear
that Pi\Int(D)Mi. Now observe that I 2=a2B=aI  aD, so that I is pseudo-principal.
Hence by Cahen and Chabert [11, Proposition V.1.11], each prime ideal of Int(D) above
I is maximal and contains Int(D; I). It follows that Pi \ Int(D) =Mi. Hence, since
Int(D; I)= Int(D;M)\ Int(D), we have, using Lemma 3.3, that Int(D; I)= (Tq−1i=0 Pi)\
Int(D) =
Tq−1
i=0 Mi. This proves (3). Statement (4) follows easily.
Remark 3.5. The preceding result generalizes [12, Lemme 3:1], which states (in the
case where B is a rank one discrete valuation domain with maximal ideal I) that
Md =Md0 if and only if d  d0 (mod I).
We now wish to indicate conditions under which Int(D) will be a Mori domain.
(Note that Int(D) is nontrivial since I is pseudo-principal [11, Propositions I.3.10 and
I.3.12].) Of course, for this it is necessary to have D Mori by Proposition 2.6. In
[24] Roitman extends the denition of Mori domain to domains without unit; thus an
ideal of a domain R may be Mori (or not) regardless of whether R itself is a Mori
domain. In [25], Roitman shows that a domain R is a Mori domain if (and only if) it
contains a prime ideal P which is Mori and such that P is either maximal divisorial
or satises Pv = R [25, Theorem 4.14]. He also shows [25, Proposition 4.1] that any
principal ideal of a Mori domain is Mori. Now in our construction, I is principal in
B, and, as a maximal ideal of D, it is either maximal divisorial or satises Iv = D.
Thus, in our construction, if B is a Mori domain, then so is D. We would be able to
apply essentially the same argument to conclude that Int(D) is Mori if we knew that
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Int(D; B) = B[X ][’] were Mori, but in [26] Roitman gives examples of Mori domains
B for which even B[X ] is not Mori. However, if we assume that B is Noetherian, then
all problems disappear:
Theorem 3.6. If B is Noetherian; then Int(D) is Mori.
Proof. To simplify the notation somewhat, we set R = Int(D), T = Int(D; B), and
J = Int(D; I). The rings R and T share the ideal J; which implies that the following
diagram is a pullback:
R −! R=J??y
??y
T −! T=J:
Note that T is Noetherian by Lemma 3.2. We wish to localize this diagram with
respect to Si=RnMi. Set Ri=RSi , Ti=TSi , and Ji=JSi : By Proposition 3.4, J=
Tq−1
j=0 Mj.
Hence Ji=MiRi, and we have that Ri=Ji is a eld isomorphic to k, again by Proposition
3.4. This produces a new pullback diagram:
Ri −! k??y
??y
Ti −! Ti=Ji:
Since Ti is Noetherian, and Ji is principal in Ti and maximal in Ri, we can appeal
to Roitman [25, Theorem 4.14] to conclude that Ri is a Mori domain. Moreover, it
is not dicult to verify that R =
(Tq−1
i=0 Ri
 \ T . Therefore, since a nite intersection
of Mori domains is Mori [23, I, Theoreme 2], we conclude that R is a Mori domain.
Observe that, in particular, if B is a rank one discrete valuation domain, then D is a
one-dimensional Mori domain for which Int(D) is Mori and nontrivial. We close this
section with a somewhat more complicated construction.
Example 3.7. Let A be a Krull domain, and assume that A=
T
2A V, where each V
is a rank one discrete valuation domain with innite residue eld. Let B be a nite
subset of A. For  2 B, let D be a Mori pullback as constructed above; and set
D=V for  62 B. Then R=\D; being a locally nite intersection of Mori domains,
is a Mori domain by Raillard [23, I, Theoreme 2]. Denote by M the maximal ideal of
D, and let P =M \ R. Provided that the P are incomparable, then [20, Corollary
8] implies that DP = D for each . (Note: The P may be incomparable or not |
see [6, Examples 4.6(a) and 4:6(b)]). It can then be shown that fPg2A is precisely
the set of maximal divisorial ideals of R, with fPg2B being the set of strongly
divisorial maximal divisorial ideals. Thus R is a Mori domain of t-dimension 1, and
the canonical decomposition of R (see the discussion at the end of the rst section) is
R=
(T
2B D
 \ T , with T2B D being strongly Mori and T =
T
2AnB D being a
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Krull domain. Since the D are localizations of R, we have Int(R) = (
T
2B Int(D))\
Int(T ) = (
T
2B Int(D)) \ T [X ]. It follows that Int(R) is Mori [23, I, Theoreme 2]
4. On the class group of Int(D)
We return to the general situation: D denotes a domain with quotient eld K . We
begin with a technical result on the behavior of the v- and t-operations in the extension
D Int(D).
Lemma 4.1. Let I be a nonzero fractional ideal of a domain D. Then
(1) (I Int(D))−1 = Int(D; I−1) = (Int(D; I))−1;
(2) (I Int(D))v = (Iv Int(D))v = (Int(D; I))v = Int(D; Iv); and
(3) (I Int(D))t = (It Int(D))t .
Proof. If I and J are two fractional ideals of D; we clearly have Int(D; I)Int(D; J )
 Int(D; IJ ): It follows that Int(D; I−1)(Int(D; I))−1(I Int(D))−1 (the last contain-
ment, since I Int(D) Int(D; I)). Conversely, let f 2 (I Int(D))−1: For each i 2 I; we
have i 2 I Int(D); and hence if 2 Int(D): Therefore, for each d 2 D; if(d) 2 D: It
follows that f 2 Int(D; I−1): This proves (1).
For (2), the containments I Int(D) Iv Int(D) Int(D; Iv) and I Int(D) Int(D; I)
Int(D; Iv) are clear. It follows from (1) that all these ideals have the same inverse,
hence the same v-closure (being true for the extremes in each containment). Finally,
Int(D; Iv) is divisorial (since it is the inverse of Int(D; I−1)). This proves (2).
Statement (3) follows from (2) and [8, Proposition 2.1].
It is well known that divisorial ideals of D extend to divisorial ideals in D[X ]. Ac-
cording to Lemma 4.1, however, this would not be the case in the extension D Int(D)
if D contains a divisorial ideal I for which I Int(D) 6= Int(D; I). We next present such
an example.
Example 4.2. Let V denote a valuation domain of the form F+M , where F is a eld
of characteristic 2 and M is the maximal ideal of V . Then let D = k + M , where k
is the eld with two elements. To have M divisorial in D, we need only have that D
is a proper pullback, that is, that F properly contains k. If we specify that M is not
principal in V , then by Cahen and Haouat [12, Proposition 2.2], Int(D)V [X ], so that
M Int(D)MV [X ]. Then, since X 2 − X 2 Int(D;M) n MV [X ], we have M Int(D) 6=
Int(D;M).
We next wish to study class groups. We recall some notation and denitions. Denote
the set of t-ideals of D by t(D); this is a monoid under the t-product: I  J = (IJ )t .
The ideal J is said to be t-invertible if (JJ−1)t = D, and we denote the group of
t-invertible t-ideals of D by T(D). We shall also denote the set of maximal t-ideals
of D by t-max(D). The (t-)class group of D is then dened to be the quotient
P.-J. Cahen et al. / Journal of Pure and Applied Algebra 153 (2000) 1{15 11
group Cl(D) =T(D)=P(D), where P(D) is the group of principal ideals of D. For
a Krull domain, this is just the ordinary class group. This group has been studied
in many papers [1{3,5,8{10,13{15]. By Lemma 4.1, the extension D Int(D) is, in
the terminology of Barucci [8] et al, compatible for the t-operation; that is, we have
It (I Int(D))t for each nonzero ideal I of D. Hence by [8, Proposition 2.1], the map
 : t(D) ! t(Int(D)), given by (I) = (I Int(D))t , is a (monoid) homomorphism,
and it induces group homomorphisms  : T(D) ! T(Int(D)) and i : Cl(D) !
Cl(Int(D)) (the latter given by i([I ]) = [(I Int(D))t]). Moreover, since Int(D)\K =D
and f Int(D) \ D = (0) for each f 2 Int(D) n D, the maps , , and i are injective
[8, Lemma 1.3 and Theorem 1:4]. For convenience we state this formally.
Proposition 4.3. Let D be a domain with quotient eld K; and let the maps ; ; and
i be dened as above. Then all three maps are injective homomorphisms.
Recall that the Picard group of D is dened by Pic(D) =I(D)=P(D), where I(D)
is the group of invertible ideals of D. In [11, Proposition VIII.1.6] it is shown that
one always has an exact sequence of the following type:
0 −! Pic(D) i−!Pic(Int(D)) p−!
Y
M2Max(D)
Pic((Int(D))M ):
We shall show that a similar result holds for the class group. First, note that for each
multiplicative subset S of D, we have a homomorphism T(D) ! T(DS), given by
I 7! (IDS)t [4, Theorem 2.2]. In fact, it is easy to show that (IDS)t =(IDS), since I is
t-invertible. Again by Anderson et al. [4, Theorem 2.2], this induces a homomorphism
Cl(D) ! Cl(DS), given by [I ] 7! [IDS ]. In particular, we have, for each maximal
t-ideal M of D, a homomorphism pM : Cl(Int(D)) ! Cl((Int(D))M ). This induces a
homomorphism p : Cl(Int(D))!QM2t-max(D) Cl((Int(D))M ).
In what follows, we shall call an ideal of Int(D) unitary if it contains a nonzero
element of D.
Proposition 4.4. Let D be a domain with quotient eld K . Then the following se-
quence is exact:
0 −! Cl(D) i−!Cl(Int(D)) p−!
Y
M2t-max(D)
Cl((Int(D))M ):
Proof. The map i is injective by Proposition 4.3. Let [A] 2 Im(i). Then
[A] = [(I Int(D))t] for some t-invertible t-ideal I of D. Let M 2 t-max(D). Since
I is t-invertible, IDM is principal, and it follows that I (Int(D))M is principal. Hence
[A] 2 ker(p). Now let [B] 2 ker(p). Since B is t-invertible, there is a nitely gen-
erated ideal C of Int(D) with B = Cv. By [11, Lemma VIII.1.2] there is an element
 2 K(X ) such that C is a unitary integral ideal of Int(D). Hence B is also a
unitary integral ideal of Int(D). Thus we may change notation and assume that B itself
is a unitary integral ideal of Int(D). Let I = B \ D; then I is a nonzero t-ideal of D
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[8, Proposition 2.1]. We shall show that B= I Int(D). For this it suces to show that
B(Int(D))M=(I Int(D))t(Int(D))M for each maximal t-ideal M of Int(D). If M is not
unitary, then both ideals are equal to (Int(D))M. Suppose thatM is unitary. By Barucci
[8, Proposition 2.1], M \D is a nonzero t-ideal of D. Let M be a maximal t-ideal of
D containing M\D. Then, since [B] 2 ker(p), we have BM = gM (Int(D))M for some
gM 2 B. Since I 6= (0), a degree argument shows that gM 2 K . Hence gM 2 B\D= I
(since K \ Int(D)=D). We then have B(Int(D))M = gM (Int(D))M = I(Int(D))M . Since
D nM  Int(D) nM, the desired equality follows from this.
It remains to show that I is t-invertible. Since B is t-invertible in Int(D), we have
(BB−1)t = Int(D). Choose a nonzero element b of B\D= I . Then bB−1 is an integral
unitary t-invertible t-ideal of Int(D), and [bB−1] 2 ker(p). Hence by what was proved
above, we can write bB−1 = (J Int(D))t for some ideal J of D. Thus
(IJ Int(D))t = ((I Int(D))  (J Int(D)))t = (BbB−1)t = b Int(D):
Hence by Proposition 4.3, we obtain (IJ )t = bD. Thus I is t-invertible.
If in Proposition 4.4 we assume that D is a Mori domain, then Cl((Int(D))M )
= Cl(Int(DM )) for each maximal t-ideal M of D. Then, since an ideal of a Mori
domain is contained in only nitely many maximal t-ideals [17, Theorem 3.1], we
have the following corollary.
Corollary 4.5. Let D be a Mori domain. Then the following sequence is exact:
0 −! Cl(D) i−!Cl(Int(D)) p−!
M
M2t-max(D)
Cl(Int(DM )):
We use the convention that a domain D has t-dimension 1 if it is not a eld and
each maximal t-ideal has height 1.
Theorem 4.6. Let D be a Mori domain of t-dimension 1. Then we have the following
short exact sequence:
0 −! Cl(D) i−!Cl(Int(D)) p−!
M
M2t-max(D)
Cl(Int(DM )) −! 0
Proof. We adapt the proofs of Cahen and Chabert [11, Lemmas VIII.1.7 and VIII.1.8].
By Corollary 4.5 we need only demonstrate that p is surjective. We begin by working
with a single maximal t-ideal M of D. Let A be an integral unitary t-invertible t-ideal of
Int(DM ). Then A is v-nite, and since Int(DM ) is a localization of Int(D), we may write
A= (f1; : : : ; fs)v with fi 2 Int(D) for each i. Also, A \ Int(D) is a t-ideal of Int(D),
whence A \ D is a t-ideal of D. Since D is Mori, we can write A \ D = (d1; : : : ; dm)v
with each dj 2 D. Let B = (f1; : : : ; fs; d1; : : : ; dm)v, a t-ideal of Int(D). Note that
(B Int(DM ))t = A. We also have B \D= A \D. Since D has t-dimension 1, it is easy
to see that M is the only maximal t-ideal of D which contains B \ D. Thus if N is a
maximal t-ideal of D dierent from M , we have B Int(DN ) = Int(DN ).
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Next, we wish to see that B is t-invertible. Since B has nite type, it suces to
show that B is t-locally principal. (That this is sucient is well known. A specic
reference for a more general result is [19, Proposition 2.6].) To this end, let M be a
maximal t-ideal of Int(D) containing B. Then M\D is a prime t-ideal of D containing
B \ D, and we have M \ D =M . We claim that M Int(DM ) is a maximal t-ideal of
Int(DM ). To verify this, rst note that, since D is a Mori domain, there is a nitely
generated ideal J of R with Jv = M , and hence also with (JDM )v = MDM . We now
split the proof of the claim into two cases.
The rst case is that M has innite residue eld. In this case, [11, Proposition I.3.4]
guarantees that Int(D)DM [X ] = Int(DM ). We shall show that M Int(DM ) =
MDM [X ], which is a maximal t-ideal of DM [X ] by Houston and Zafrullah
[18, Proposition 2.1]. For this it suces to show that MMDM [X ]\ Int(D). Suppose,
on the contrary, that there is an element f 2 M with f 62 MDM [X ]. By Lemma
4.1, ((J; f)DM ))v contains (JDM )v =MDM . This, coupled with the fact that MDM [X ]
is a maximal t-ideal of DM [X ], implies that ((J; f)Int(D))−1((J; f)DM [X ])−1 =
DM [X ]. Hence if g 2 ((J; f)Int(D))−1, then there is an element s 2 D n M with
sg 2 D[X ] Int(D). Thus g(J; s) Int(D). However, (J; s)v = D, and since Lemma
4.1 then implies that ((J; s)Int(D))v = Int(D), we have g 2 Int(D). This shows that
((J; f)Int(D))−1 = Int(D) and hence that ((J; f)Int(D))v = Int(D), which contradicts
the fact thatM is a t-ideal of Int(D). It follows thatM Int(DM )=MDM [X ], as desired.
The second case is that M has nite residue eld. Since DM is one-dimensional, we
have that if a is a nonzero element of MDM , then (JDM )n aDM for some n  1.
Thus (MDM )n = (JvDM )n((JDM )n)v aDM , so that MDM is pseudo-principal. Since
M Int(DM ) is a prime ideal of Int(DM ) above MDM , it follows from Cahen and Chabert
[11, Proposition V.1.11] that M Int(DM ) is a maximal ideal of Int(DM ) which is min-
imal over a=Int(DM ). Hence M Int(DM ) is a maximal t-ideal of Int(DM ) in this case
as well.
Now, since D n M  Int(D) n M, we have B(Int(D))M = (B Int(DM ))M Int(DM ).
Since (B Int(DM ))t = A A is t-invertible, and M Int(DM ) is a maximal t-ideal,
(B Int(DM ))M Int(DM ) is principal. Thus B is t-invertible.
It remains to globalize. An element  of
L
M2t-max(D) Cl((Int(DM )) has only nitely
many nontrivial components A1; : : : ; An, corresponding to the maximal t-ideals M1; : : : ; Mn
of D, and we may assume that each Ai is an integral unitary t-invertible t-ideal of
Int(DMi). For each i, produce a corresponding ideal Bi as above. It is then easy to see
that p
(
(
Qn
i=1 Bi)t

= . Hence p is surjective, and the proof is complete.
Let D be the domain of Theorem 3.6. The nonzero prime ideals of Int(D) are of
two types. The primes above I are given by Proposition 3.4, and these are all maximal.
The other primes must contract to (0) in D. These primes, called uppers to zero, are
contracted from (and are in one-to-one correspondence with) the nonzero primes of
K[X ]. Thus each nonzero prime ideal is a t-ideal: the uppers to zero because they
have height one, and the Mi because they are minimal over the ideal a Int(D). The
Mi are maximal t-ideals (since they are maximal), and, since they have height two
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(note that Mi(X − di)K[X ]\ Int(D)), they cannot be v-invertible [6, Theorem 2.5].
Since localizations at uppers to zero are rank one discrete valuation domains, an up-
per to zero which is maximal is v-invertible by [6, Theorem 2.5]. On the other hand,
since a nonmaximal upper to zero is contained in some Mi and is therefore not a
maximal t-ideal, [18, Proposition 1.3] implies that it cannot be v-invertible. Hence the
canonical decomposition of Barucci and Gabelli [6] is Int(D)=
(Tq−1
i=0 (Int(D))Mi
\T ,
where T is an intersection of localizations at (maximal) uppers to zero. Since(Tq−1
i=0 (Int(D)

Mi
is semilocal, [7, Corollary 2.12] shows that its class group is zero,
and [7, Remark 2.7(2)] then shows that Cl(Int(D))  D(T )=H , where D(T ) is the
group of divisor classes of T and H consists of the divisorial (classes of) ideals of T
whose contractions to Int(D) are principal. It follows, again using [7, Remark 2.7(2)],
that Cl(Int(D)) is generated by the classes of the uppers to zero which are maximal
t-ideals.
Finally, let R=
T
D be as in Example 3.7. Then R has t-dimension 1, and Int(R)
is a Mori domain. It is not dicult to check that the non-t-invertible maximal t-ideals
of Int(R) are precisely the contractions to Int(R) of the maximal ideals of the Int(D)
for  2 B. Hence Int(R) has only nitely many non-t-invertible maximal t-ideals, and,
as before, we can conclude that Cl(Int(D)) is generated by the classes of the t-invertible
maximal t-ideals. Now suppose that we arrange to have
Cl(R) = 0. (For example, let A be nite and take B =A.) Then by Theorem 4.6
have Cl(Int(R))=
(L
2B Cl(Int(D))
 (L2AnB Cl(Int(D))

. For  2A nB, we
have Cl(Int(D)) = Cl(D[X ]) = 0 since D is a rank one discrete valuation domain.
Hence we obtain Cl(Int(R)) L2B Cl(Int(D)).
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